Abstract. The Cassinian metric and its inner metric have been studied for subdomains of the n-dimensional Euclidean space R n (n ≥ 2) by the first named author. In this paper we obtain various inequalities between the Cassinian metric and other related metrics in some specific subdomains of R n .
Introduction
One of the aspects of hyperbolic geometry deals with the comparison of the hyperbolic metric with the so-called hyperbolic-type metrics. Secondly, invariance and distortion properties of hyperbolic-type metrics under conformal maps (Möbius transformations in higher dimensions) also play significant roles in geometric function theory. In recent years, many authors have contributed to the study of hyperbolic-type metrics. Some of the familiar hyperbolic-type metrics are the quasihyperbolic metric [7, 8] , the distance ratio metric [22] , the Apollonian metric [3, 4, 10, 11, 12, 16, 17] , the Seittenranta metric [21] , the Ferrand metric [6, 13, 14] , the K-P metric [14, 15, 20] , the Cassinian metric [18] , the visual angle metric [19] , and the triangular ratio metric [5] . These metrics are also referred to as the relative metrics since that they are defined in a proper subdomain of the Euclidean space R n , n ≥ 2, relative to its boundary. A more general form of relative metrics has been considered by P. Hästö in [9, Lemma 6.1] . In this paper we study geometric properties of the Cassinian metric by comparing it with the hyperbolic, distance ratio, and visual angle metrics. For a quick overview on these metrics, the reader can refer to the next section. We also discuss the quasi-invariance (distortion) property of the Cassinian metric under Möbius transformations of the unit ball. Finally, we compute the inner metric of the Cassinian metric, the so-called inner Cassinian metric, in some specific subdomains of R n and study some of its basic properties.
Preliminaries
Throughout the paper D denotes an arbitrary, proper subdomain of the Euclidean space R n , i.e., D R n . The Euclidean distance between x, y ∈ R n is denoted by |x − y|. The standard Euclidean norm of a point x ∈ R n is denoted by |x|. Given x ∈ R n and r > 0, the open ball centered at x and of radius r is denoted by B(x, r) = {y ∈ R n : |x − y| < r}. The unit ball in R n is denoted by
For real numbers r and s, we set r ∨ s = max{r, s} and r ∧ s = min{r, s}.
The Cassinian metric c D of the domain D is defined as
This metric was first introduced and studied in [18] . However, a more general form of this metric was considered by P. Hästö (see [9, Lemma 6 .1]).
The distance ratio metric j D is defined by
.
The above form of the metric j D , which was first considered in [22] , is a slight modification of the original distance ratio metric introduced in [7, 8] . This metric has been widely studied in the literature; see, for instance, [23] .
The hyperbolic metric ρ B n of the unit ball B n is given by
where the infimum is taken over all rectifiable curves γ ⊂ B n joining x and y.
The visual angle metric v D , introduced in [19] , is defined by
We also consider the quantity p D ,
Note that the quantity p D , which was first considered in [5] , does not define a metric (see [5, Remark 3.1] ). However, it has a nice connection with the hyperbolic metric, ρ H 2 , of the upper half-plane
wherez 2 is the reflection of z 2 with respect to the real line R (see [5] ). Hence it is natural to ask whether the quantity p D is comparable with hyperbolic-type metrics such as, the Cassinian metric c D , in more general domains D.
Comparison of the Cassinian metric with other related quantities
This section is devoted to finding upper and lower bounds for the Cassinian metric in terms of the quantities, defined in Section 2, in some specific domains. We begin with the comparison of the Cassinian and hyperbolic metrics of the unit ball B n . Recall that
(See, for example, [2, p. 40]). One can also show that
for all x, y ∈ B n \ {0}, where
Consequently,
Proof. Assume first that x = 0 and y = 0. Denote by I := inf z∈∂B n |x − z||z − y|.
Comparing the Cassinian metric with (3.1), we see that it is enough to show
By applying the properties of the right triangle △(0, z 2 , (cos γ)z 1 ) and the law of cosines, we obtain
Hence, the angle between [x, z 2 ] and [0, x] is greater than π/2 so that p = |z 2 − |y|x| > |z 2 − x| ≥ |z − x|. Similarly, we can show that |z − y| ≤ |z 1 − |x|y|. Therefore,
Finally, we assume that either x = 0 or y = 0, say x = 0. Then
On the other hand,
where ξ y = y/|y|. Consequently,
completing the proof.
Next, we compare the Cassinian and the distance ratio metrics of the unit ball.
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Theorem 3.2. The following are true.
(i) For all x, y ∈ B n , we have
(ii) For all x, y ∈ B n with |x| ∨ |y| < λ < 1 we have
Proof. To prove (i), let x, y ∈ B n . Without loss of generality we can assume that δ B n (x) ≤ δ B n (y). Let x 0 be the point on the boundary ∂B n with δ B n (x) = |x−x 0 |.
Hence j B n (x, y) ≤ 2c B n (x, y), as required.
We next prove (ii). Since |x| ∨ |y| < λ, it is evident that |x − y| ≤ 2λ.
Moreover, for any w ∈ ∂B n , we have
Combining the above two inequalities, we get
where the last two inequalities follow from (3.4). The next lemma describes the relations between the distance ratio metric and the visual metric of the unit ball. (1) For x, y ∈ B 2 we have
(2) For x, y ∈ B 2 with |x| ∨ |y| < λ < 1 we have
As an immediate corollary of Lemma 3.3 and Theorem 3.2 we obtain Corollary 3.4. The following inequalities hold.
(1) For x, y ∈ B 2 we have
Next, we compare the Cassinian metric c D with the quantity p D .
where the second inequality follows from [1, 1.58 (13) 
Distortion of the Cassinian metric under Möbius transformations of the unit ball
In this section we study distortion properties of the Cassinian metric c B n of the unit ball B n under Möbius transformations of B n . Note that the Möbius transformations of B n preserve the hyperbolic metric ρ B n .
Let φ be a Möbius transformation with φ(B n ) = B n and put a = φ(0). If a = 0, then φ is an orthogonal matrix, i.e., |φ(x)| = |x| for each x ∈ B n . In particular, φ preserves the Cassinian metric. That is,
Suppose now that a = 0. Let σ be the inversion in the sphere S n−1 (a ⋆ , r), where
Note that the sphere S n−1 (a ⋆ , r) is orthogonal to ∂B n and that σ(a) = 0. In particular, σ is a Möbius transformation with σ(B n ) = B n and σ(a) = 0. Recall that
Then σ • φ is an orthogonal matrix (see, for example, [2, Theorem 3.5.1(i)]). In particular,
We will need the following property of σ (see, for example, [2, p. 26]):
It follows from (4.2) and (4.3) that
or equivalently, In particular, for all x, y ∈ B n and η ∈ ∂B n we have
Note that since φ(η) ∈ ∂B n and |a ⋆ | > 1, we have
and hence
Now given x, y ∈ B n , there exist η 1 ∈ ∂B n and η 2 ∈ ∂B n such that
Using (4.4) and (4.5) we obtain
Thus, we have proved the following theorem. 
for all x, y ∈ B n .
The inner Cassinian metric
Let D R n and γ be a rectifiable curve in D. We define the Cassinian length of γ as
where the supremum is taken over all partitions (t i ) n i=1 of I = [a, b] with t 1 = a and t n = b. Then the inner Cassinian metric is defined as
where the infimum is taken over all rectifiable curves γ ⊂ D connecting x and y (see [18] ). First, we establish the monotonicity property of the inner Cassinian metric.
Lemma 5.1. The inner Cassinian metric is monotonic with respect to domains. That is, if
Proof. Given x, y ∈ D, we havẽ
where the infimum is taken over all rectifiable curves γ ⊂ D connecting x and y.
Since the Cassinian metric is monotonic ([18,
Since each such γ also connects x and y in D ′ , we havẽ
Next, we compute the inner Cassinian metrics in some special cases. for any y ∈ B. Now the conclusion follows from Lemma 5.1.
